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We first consider the Stokes equations in a bounded domain Ω with a unilateral boundary
condition of Sinorini type. We pose the usual Dirichlet and unilateral boundary conditions,
respectively, on S and Γ, where the boundary of Ω is composed of two parts S and Γ. We
are interested in the case where there is a strictly inflow at S. That is,

u = b on S with

∫
S

b dS < 0.

Under this assumption, the coupled inf-sup lemmas ([4, Lemmas 7.2, 7.6]) are not available
so that we need a new idea to examine the well-posedness and convergence of FEM for
the problem. We briefly review our method of analysis based on the theory of variational
inequalities with a technique to control the constant part of the pressure.

Then, we apply the unilateral boundary condition to the Navier-Stokes equations as a
reasonable outflow boundary condition. One of the main issues in simulations of blood
flow in arteries is a proper setting of the outflow boundary condition at artificial bound-
aries (cf. [2, 3]). The common outflow boundary conditions are a prescribed constant
pressure/traction, prescribed velocity profiles. In particular, the so-called do-nothing
condition is popular. However, the flow distribution and pressure field are unknown and
cannot be prescribed at the outflow boundary in many simulations. We show that, with
the unilateral boundary condition, we obtain an energy inequality so that numerical solu-
tions are expected to be stable. On the other hand, we cannot obtain the energy inequality
with the do-nothing condition.

Finally, we report that the penalty formulation of our unilateral boundary condition is
closely related with the regularized traction boundary condition in [1].



N. Saito et al.

REFERENCES

[1] Y. Bazilevs, J. R. Gohean, T. J. R. Hughes, R. D. Moser and Y. Zhang: Patient-
specific isogeometric fluid-structure interaction analysis of thoracic aortic blood flow
due to implantation of the Jarvik 2000 left ventricular assist device, Comput. Methods
Appl. Mech. Engrg. 198 (2009) 3534–3550.

[2] F. Boyer and P. Fabrie, Outflow boundary conditions for the incompressible non-
homogeneous Navier-Stokes equations, Discrete Contin. Dyn. Syst. Ser. B7 (2007),
no. 2, 219–250.

[3] L. Formaggia, A. Quarteroni and A. Veneziani, Cardiovascular Mathematics: Mod-
eling and Simulation of the Circulatory System, Springer, 2009.

[4] N. Kikuchi and J. T. Oden, Contact Problems in Elasticity: A Study of Variational
Inequalities and Finite Element Methods, SIAM, 1988.

2


